A nearly universal feature of the specific heat curves C(T,U) vs T for different U of a general class of Hubbard models is observed. That is, the value C ϩ of the specific heat curves at their high-temperature crossing point T ϩ is almost independent of lattice structure and spatial dimension d, with C ϩ /k B Ϸ0.34. This surprising feature is explained within second-order perturbation theory in U by identifying two small parameters controlling the value of C ϩ : the integral over the deviation of the density of states N(⑀) from a constant value, characterized by ␦Nϭ͐d⑀ ͉N(⑀)Ϫ 1 2 ͉; and the inverse dimension 1/d. ͓S0163-1829͑99͒15015-X͔
I. INTRODUCTION
Recently attention was drawn to the fact that in various strongly correlated systems the curves of the specific heat C(T,X) vs temperature T cross once or twice when plotted for different values of a second thermodynamic variable X. 1 For example, crossing points are observed for different pressures (Xϭ P) in normalfluid 3 He ͑Ref. 2͒ and heavy-fermion systems such as CeAl 3 ͑Ref. 3͒ and UBe 3 . 4 By changing the magnetic field (XϭB), the same feature is seen in heavyfermion compounds such as CeCu 6Ϫx Al x ͑Ref. 5͒ and Nd 2Ϫx Ce x CuO 4 . 6 Crossings of the specific heat curves are also observed in the simplest lattice model for correlated electrons, the Hubbard model,
where ⑀ k is the dispersion of a single electronic band, the chemical potential, and U the local interaction. At half filling the curves C(T,U) vs T always cross at two temperatures. This is observed, for example, in the case of the model with nearest-neighbor hopping in dϭ1, 8, 9 dϭ2, 10 and dϭϱ, 11 as well as for long-range hopping in dϭ1 ͑Ref. 12͒; for the latter two systems the specific heat is shown in Fig. 1 . Furthermore, crossing is found in dϭ1 when a magnetic field B is changed at constant U. 13 The fact that these crossing points may be very sharp was analyzed in Ref. 1 , and was traced to the properties of certain generalized susceptibilities of the system.
In the following, we will consider only the crossing of the specific-heat curves occurring for XϭU in the paramagnetic phase of the Hubbard model with a symmetric half-filled band (nϭ1). We will investigate yet another observation, namely, that for small U the specific heat at the hightemperature crossing point has practically the same value of approximately 0.34k B for all dimensions d and dispersions ⑀ k , which can be seen also in Fig. 1 . This is surprising, because the temperatures at which this crossing occurs are very different for different dispersions and dimensions, and because the maximum value of C(T,U) and its value at the low-temperature crossing point vary strongly as well. It should be noted that the specific heat, like the entropy, is a dimensionless quantity when expressed in units of k B .
We denote by T ϩ the temperature at which the curves C(T,U) vs T cross for different values of U. Then the specific heat is independent of U at the crossing temperature T ϩ (U), defined by 1 
‫ץ‬C ‫ץ‬U
Since we are not concerned with the dependence of T ϩ (U) on U, but rather with the crossing point value of C(T,U) for different lattice systems, we consider only the limit of small U, and define 12 ͑b͒ Iterated perturbation theory for NN hopping in dϭϱ ͑Ref. 11͒. In ͑a͒, T and U are in units of the half-band-width, while for ͑b͒ the second moment of the ͑Gaussian͒ density of states is set to unity. At the high-temperature crossing point the specific heat has the almost universal value of 0.34k B in the limit U→0 ͑see arrows͒.
This weak-coupling crossing point can be calculated without approximation using second-order perturbation theory in U. Higher orders in perturbation theory would be necessary to determine the dependence of C͓T ϩ (U),U͔ on U.
It is the purpose of this paper to show that the value of C ϩ at the high-temperature crossing point is almost universal, and to analyze the origin of this peculiar feature. We calculate C ϩ for a half-filled band with a symmetric density of states ͑DOS͒ N(⑀)ϭ͐dk ␦(⑀Ϫ⑀ k ). We also show that the weak dependence of C ϩ on lattice properties can be understood by starting from the limit dϭϱ and using expansions in terms of two small parameters. This paper is organized as follows. In Sec. II we review the origin of crossing points in the Hubbard model and show how to calculate T ϩ and C ϩ in second-order perturbation theory, the details of which are contained in the Appendix. Various noninteracting lattice systems are listed in Sec. III, and the values of C ϩ at the high-temperature crossing point for these systems are presented in Sec. IV. Section V contains expansions of C ϩ that reveal the influence of the density of states and the lattice dimension. We close with a conclusion in Sec. VI.
II. CROSSING POINTS IN THE SPECIFIC HEAT OF THE HUBBARD MODEL
The entropy per lattice site S(T,U) is given by To determine the location of the crossing points defined by Eqs. ͑3͒ and ͑4͒, we calculate the internal energy per lattice site in perturbation theory in U,
Here (k B ϵ1, ␤ϭ1/T)
which is the internal energy for the noninteracting system, U/4 is the Hartree contribution, and the second-order correlation energy is given by ͑see the Appendix for details͒
where the integrations, e.g., ͐dkϵ͐d d k/ (2) d , run over the first Brillouin zone.
In the limit of infinite spatial dimensions 14 this expression can be simplified further. In this case, momentum conservation at vertices becomes irrelevant, 15 so that the integrals factorize ͑see the Appendix͒:
͑10͒
Note that as usual in infinite dimensions the dispersion ⑀ k enters into one-particle quantities only via the DOS N(⑀). Therefore this expression is much easier to evaluate numerically than Eq. ͑9͒.
The specific heat C(T,U)ϭ‫ץ‬E/‫ץ‬T has the expansion
where
and the function C (2) (T) can be written as ͑see the Appendix͒
Here the sum runs over lattice sites R m , and the functions f m (x,␤) are given by
Comparison with Eq. ͑10͒ shows that in dϭϱ only the local term with R m ϭ0, i.e. f 0 (x,␤)ϭ͐d⑀ N(⑀)cosh(
, contributes to the sum in Eq. ͑13͒. The crossing point in the specific heat occurs at the temperature T ϩ (U) for which C(T,U) is independent of U. In view of Eqs. ͑2͒, ͑3͒, and ͑11͒, the crossing temperature T ϩ in the limit U→0 is given by the root of the equation
and the specific heat at the crossing point ͓Eq. ͑4͔͒ is
These equations will be evaluated for several lattices and dimensions that are described in Sec. III.
III. MOMENTUM DISPERSION AND DENSITY OF STATES
We consider only one-band systems at half-filling with a symmetric density of states on lattices in finite and infinite spatial dimensions. For systems with finite bandwidth we set W/2ϵ1, where W is the bandwidth, while for infinite bandwidth we use a unit second moment of the density of states, i.e., ͐d⑀ N(⑀)⑀ 2 ϵ1. (1) Finite dimensions. For the linear chain, square lattice, and simple cubic lattice, i.e., the hypercubic lattices in d ϭ1, 2, and 3, we use the tight-binding dispersion ⑀ k ϭϪ2t͚ iϭ1 d cos k i , ͉k i ͉р, which describes nearestneighbor ͑NN͒ hopping with amplitude tϵ1/2d. Furthermore we study the body-centered-cubic ͑bcc͒ lattice in dϭ3 with NN hopping, which can be regarded as a subset of the simple cubic lattice with hopping across the space-diagonal, so that ⑀ k ϭϪ8t cos(k x )cos(k y )cos(k z ) with tϵ 1 8 . For these systems we use perturbation theory as described in Sec. II. Finally, for one-dimensional long-range hopping t(r)ϰ1/r, the known interacting dispersion 12 can be used instead of perturbation theory. The free dispersion is ⑀ k ϭtk, tϵ1/, with a constant density of states. Figure 2 shows the various densities of states used in dϭ1, 2, and 3.
(2) Infinite dimensions. We consider first the hypercubic lattice and generalized honeycomb lattice with NN hopping. For the hypercubic lattice, the hopping must be scaled 14 as tϭ1/ͱ2d to obtain a nontrivial limit for d→ϱ. In this case the density of states becomes a Gaussian with unit variance, N(⑀)ϭexp(Ϫ⑀ 2 /2)/ͱ2, whereas for the generalized honeycomb lattice 16 the same scaling leads to N(⑀)ϭ͉⑀͉exp(Ϫ⑀ 2 ). We also study the Bethe lattice with infinite connectivity and semicircular density of states, N(⑀)ϭ2/ͱ1Ϫ⑀ 2 , ͉⑀͉р1. Furthermore we can take advantage of the fact that in d ϭϱ only the density of states of the non-interacting system appears in Eq. ͑10͒. Hence it may be chosen at will even when no corresponding dispersion is known. We consider three such functions each containing a tunable real parameter ␣Ͼ0. This allows us to study the behavior of C ϩ for a wide range of DOS shapes. The first is the ''metallic'' density of states
bearing this name due to its finite value at the Fermi energy, while the ''semimetallic'' density of states
vanishes at the Fermi energy. Furthermore we employ a semimetallic density of states ''with tails'' having infinite bandwidth and unit variance
This reduces to the DOS for the generalized honeycomb lattice with NN hopping in the case of ␣ϭ1. The important special case of a constant rectangular density of states, N(⑀)ϭ 1 2 for ͉⑀͉р1, is contained in Eq. ͑17͒ for ␣→ϱ and in Eq. ͑18͒ for ␣→0. Note that in the limit ␣→ϱ, the DOS in Eq. ͑18͒ approaches two ␦ peaks, N(⑀)ϭ 1 2 ͓␦(1ϩ⑀) ϩ␦(1Ϫ⑀)͔. This particular case is of interest only because in this case the integrals in Eqs. ͑8͒ and ͑10͒ can be calculated analytically. For general ␣, on the other hand, the functions in Eqs. ͑17͒ and ͑18͒ model typical DOS shapes for finite dimensions. Several densities of states used in dϭϱ are depicted in Fig. 3 .
IV. RESULTS FOR THE SPECIFIC HEAT AT THE HIGH-TEMPERATURE CROSSING POINT
In this section we present results for the specific heat C ϩ at the high-temperature crossing point for the density of states discussed in Sec. III. To calculate C ϩ according to Eqs. ͑15͒ and ͑16͒, the integrals appearing in Eqs. ͑12͒ and ͑13͒ have to be calculated numerically. We determine them to high precision ͑typically 10 Ϫ8 ) by either Monte Carlo integration ͑using the VEGAS algorithm 17 ͒ or by a hightemperature expansion ͑described in the Appendix͒. For sev- eral cases both methods were applied, and yielded the same results within numerical accuracy. Typical results for the functions E (2) (T) and C (2) (T) are shown over a wide temperature range in Fig. 4 for the linear chain with nearestneighbor hopping and for a constant DOS in infinite dimensions. There is a maximum at lower temperature and a minimum at higher temperature in E (2) (T), corresponding to the two zeros of C (2) (T). These are the temperatures where the specific heat curves cross for U→0.
Numerical values for T ϩ and C ϩ are listed in Table I . In view of the drastically different DOS shapes ͑see Figs. 2 and 3͒, it is quite remarkable that the values of C ϩ for these systems are very similar, ranging from 0.331 to 0.358. For the DOS with tunable parameter C ϩ is plotted vs ␣ in Fig. 5 . Again, C ϩ varies only by a small amount although the shapes of the DOS change strongly. In particular, for the semimetallic DOS ͓Eq. ͑18͔͒ C ϩ lies between the values for the constant and two ␦-peak DOS, since these are the limits of Eq. ͑18͒ for ␣→0,ϱ.
These results raise the following questions which will be addressed in Sec. V: ͑i͒ Why is C ϩ at the high-temperature crossing point so insensitive against changes of the DOS of the noninteracting electrons and the spatial dimension? ͑ii͒ What determines the ͑small͒ spread in the values of C ϩ ? ͑iii͒ Why does the value of C ϩ at the low-temperature crossing point vary so much more strongly?
V. EXPANSIONS OF C ؉
We will see that the influence of the DOS and of the crystal lattice on C ϩ can be understood by expanding around the limit of dϭϱ. In addition, in dϭϱ the dispersion ⑀ k enters only via the DOS N(⑀), so that the effect of its form on C ϩ can be studied by expanding in terms of the difference between N(⑀) and a reference DOS N (⑀).
A. Influence of the DOS in d‫ؕ؍‬
First we consider infinite-dimensional systems with an arbitrary symmetric DOS N(⑀) with finite bandwidth. The DOS is compared to a rectangular-shaped DOS with the same bandwidth, N (⑀)ϭ which will serve as an expansion parameter. We will expand C ϩ to lowest order in ␦N, making use of the known func-
(␤), and C (0) (␤) pertaining to N (⑀), as well as the known crossing points for the rectangular DOS, T ϩ ϭ1/␤ ϩ ϭ0.138 01 and C ϩ ϭ0.440 46 at low temperatures, while T ϩ ϭ1/␤ ϩ ϭ0.571 90 and C ϩ ϭ0.339 35 at the high-temperature crossing point.
We begin by expanding C (2) (␤) for small ␦N:
Using standard inequalities it can be shown that the neglected terms indeed vanish like (␦N) 2 ͑for fixed ␤Ͻϱ). Now C (2) (␤) is expanded around the known crossing point ␤ ϩ where C (2) (␤ ϩ )ϭ0. Then the new crossing point temperature is determined from the condition
To lowest order the shift in ␤ ϩ is hence given by
͑24͒
Finally we expand C (0) (␤) in ␤Ϫ␤ ϩ to first order and evaluate it for ␤ϭ␤ ϩ ϩ␦␤ ϩ . Thus the specific heat at the crossing point C ϩ is obtained to lowest order in ␦N as
The last two equations show how the first order effect on C ϩ of a deviation of N(⑀) from a rectangular shape can be determined by a single integration. The numerical evaluations of the function ⌬C ϩ (⑀) are plotted in Fig. 6 for both crossing points. The amplitudes of the function ⌬C ϩ (⑀) corresponding to the low-and hightemperature crossing points are seen to differ greatly, i.e., by a factor of about 40. This implies a much greater sensitivity towards changes of the DOS and the dimension of the value of C ϩ at the low-temperature crossing point.
It is also clear that C ϩ is not entirely universal at the high-temperature crossing point, since for a general density of states N(⑀) the integral in Eq. ͑25͒ does not vanish. We can in fact estimate the maximum value of the shift ␦C ϩ ϭC ϩ ϪC ϩ for arbitrary N(⑀) with finite bandwidth, using simple integral inequalities:
FIG. 6. Weight function ⌬C ϩ (⑀) determining the shift in C ϩ at the low-and high-temperature crossing points for a Hubbard model in dϭϱ with finite bandwidth, according to Eq. ͑25͒. The halfband-width is set to unity.
At the high-temperature crossing point we find a 1 ϭ0.022 68 and a 2 ϭ0.022 00, i.e., to order O(␦N) we have ͉␦C ϩ ͉ӶC ϩ , which is the reason for the insensitivity of C ϩ to changes in N(⑀). Furthermore the predicted range of values 0.339 Ϯ0.023 corresponds well to the observed range of 0.331-0.358; see Table I . On the other hand, at the low-temperature crossing point we find a 1 ϭ0.9330 and a 2 ϭ0.7727, so that ͉␦C ϩ ͉ϷC ϩ . Hence C ϩ is indeed not confined to a small interval in this case.
To check the validity of this expansion we applied Eq. ͑25͒ to several infinite-dimensional systems at the hightemperature crossing point. Results for the Bethe lattice, as well as for the metallic DOS ͓Eq. ͑17͔͒ and the semimetallic DOS ͓Eq. ͑18͔͒ at several values of the parameter ␣ are given in Table II . As expected we find that the lowest-order approximation in Eq. ͑25͒ describes the behavior of C ϩ very well if the deviation from the rectangular DOS is not too large. The difference between the exact value of C ϩ and the approximate value C ϩ ϩ␦C ϩ is due to corrections of order (␦N) 2 , and hence is typically an order of magnitude smaller than the first-order correction ␦C ϩ . Hence we have shown that for a small change ␦N in the density of states the variation of C ϩ at the low-temperature crossing point is large, while at the high-temperature crossing point it is small and well described by the first-order correction in ␦N. This gives quantitative answers to the questions posed at the end of Sec. IV.
B. Lattice effects in dimension d‫,1؍‬ 2, 3
To determine the influence of the lattice dimension on the value of C ϩ we study the hypercubic lattice with NN hopping t and the scaling 14 tϭ1/ͱ2d and expand C ϩ in 1/d. Since the large variation of C ϩ at the low-temperature crossing point can already be understood from the results of Sec. V A, we will perform this calculation only for the hightemperature crossing point.
As discussed in Sec. II, for dϭϱ only the local term involving f 0 (x,␤) remains in the lattice sum in Eq. ͑13͒. The 1/d corrections are given by the contribution from the 2d nearest neighbors vectors such as R 1 ϭ(1,0,0, . . . ),
where a partial derivative with respect to x was employed in the second line to remove the factor cos(k•R 1 ) from f 1 (x,␤). Hence the corrections to C ϩ in order 1/d can be calculated entirely from f 0 (x,␤). This function contains an integral over the DOS N(⑀) only, which in turn must be expanded in 1/d. 15 Then the finite-d correction to T ϩ and C ϩ can be calculated by expanding Eqs. ͑15͒ and ͑16͒ to first order in 1/d, with the following results for the hightemperature crossing point:
T ϩ ϭ ͫ 0.847 667ϩ0.082 650
.
͑30͒
Here the temperature scale has been reset to our previous choice of unit half-band-width in finite dimensions ͑i.e., the extra factor 1/ͱ2d must be omitted in order to recover T ϩ in dϭϱ). Again this expansion compares very well with the numerical results; see Table III . Note that the coefficient of d Ϫ1 in Eq. ͑29͒ is already much smaller than C ϩ in dϭϱ, which is the reason for the insensitivity of C ϩ to lattice effects, such as Brillouin-zone shape and momentum conservation. We expect that for longer-range hopping the smallness of the deviations in the value of C ϩ may equally be traced to 1/d corrections. ͑20͒. ''Metallic'' and ''semimetallic'' refer to the DOS's of Eqs. ͑17͒ and ͑18͒, respectively. The last column shows the difference between the approximate and the exact results in percent. 
VI. CONCLUSION
For many correlated electronic systems the curves of the specific heat vs temperature obtained for different values of a second thermodynamic parameter X are known to intersect. 1 For the Hubbard model at half-filling the specific heat curves for different values of the Hubbard interaction U cross twice, the crossing point at high-temperatures being remarkably sharp up to intermediate values of U. We observed that C ϩ , the value of the specific heat at this crossing point in the weak-coupling limit, is practically the same for a several different lattice systems. We analyzed the origin of this conspicuous feature by calculating C ϩ in perturbation theory in U. We found the values of C ϩ at the high-temperature crossing point to occur in very small interval, i.e., C ϩ Ϸ0.34 is indeed almost independent of dimensionality, crystal lattice, and energy dispersion. This is not the case for the crossing point at low temperatures, where C ϩ varies on a much larger scale.
Qualitatively, the reason for this difference can be traced to the relevant energy scales on which C(T,U) varies. At high temperatures, the energy scale for T is essentially determined by the bandwidth, i.e., by the hopping amplitude t in the dispersion ⑀ k . At low temperatures, on the other hand, the generation of low-energy excitations ͑which are responsible for the strong enhancement of the low-temperature specific heat and ‫ץ‬C/‫ץ‬UϾ0) leads to a renormalized energy scale t→t eff Ӷt. The first maximum in C(T,U) occurs at a temperature that is of the order of t eff ͑see Fig. 4͒ . As a consequence, the first sign change in ‫ץ‬C/‫ץ‬U is also linked to t eff , so that the intersection of C(T,U) and C(T,0) at low temperatures does not occur at any predetermined value. In contrast, the second sign change in ‫ץ‬C/‫ץ‬U is determined only by energy scales that also appear in the noninteracting system, leading to a nearly universal value for the hightemperature intersection of C(T,U) and C(T,0).
To gain a more quantitative understanding we identified two small parameters which determine the crossing point values C ϩ . The starting point for expansions in these small parameters is the limit of infinite dimensions (dϭϱ). ͑i͒ For dϭϱ the dependence of C ϩ on the shape of a DOS N(⑀) with finite bandwidth is well described by the first-order correction in the parameter ␦Nϭ͐d⑀ ͉N(⑀)Ϫ 1 2 ͉. This parameter is a measure of the difference between N(⑀) and a constant rectangular DOS. It turns out that at the hightemperature crossing point this correction is small for almost all DOS's, while it is large at the low-temperature crossing point. ͑ii͒ For hypercubic lattices in dimensions 1рdϽϱ the value of C ϩ may be obtained by an expansion around d ϭϱ in powers of 1/d. At the high-temperature crossing point the value of C ϩ of the d-dimensional system is already accurately determined by the first-order correction in 1/d even for d as low as dϭ1, due to the smallness of the prefactor of this term. These expansions show in detail why C ϩ has an almost universal value at the high-temperature crossing point.
APPENDIX: INTERNAL ENERGY AT WEAK COUPLING
The internal energy per lattice site E is given by 18 
E͑T,U
where n denotes fermionic Matsubara frequencies,
→0
ϩ , and បϵ1. The noninteracting Green function is G 0 (i n ,k) Ϫ1 ϭi n Ϫ(⑀ k Ϫ), and ⌺ (k,i n ) is the selfenergy for spin . In the paramagnetic phase the sum over spins just gives a factor of 2, and the spin indices on the self-energy can be dropped.
For a symmetric DOS the chemical potential at halffilling is given by U/2 for all temperatures due to particlehole symmetry. It is useful to define shifted functions Ĝ 0 Ϫ1 ϭG 0 Ϫ1 ϪU/2 and ⌺ ϭ⌺ϪU/2, with the new chemical potential fixed at 0. Up to second order in U ⌺ is given by only one Feynman diagram where the lines now represent Ĝ 0 . We
where m denote bosonic Matsubara frequencies and the sum is over reciprocal-lattice vectors K. Expansion of the internal energy ͓Eq. ͑A1͔͒ in powers of U yields Eqs. ͑7͒ and ͑8͒, and The frequency summations are carried out as usual, 18 with the result
Here we eliminate the energy denominator using the identity sinh( 
͑A5͒
In dϭ1, 2, and 3 this simplifies to Eq. ͑9͒, while for dϭϱ the ␦ function can be omitted 15 
͑A9͒
The integral in square brackets equals ( r i n i ) if 0рn i Ϫ͉m i ͉ϵ2r i with integer r i , and zero otherwise. Hence 
͑A11͒
with r i defined as above. In particular I n bcc vanishes if M bcc ϵmax i ͉m i ͉Ͼn or if nϩ͉m i ͉ is odd. The advantage of the present high-temperature expansion is that terms with M Ͼn vanish when expanding to order ␤ n , so that the lattice sum terminates at m i ϭn. In addition, lattice symmetries can be used to further reduce the computational effort. This makes the calculation feasible even in dimension dϭ3, where numerical Brillouin-zone integration is usually difficult. At the high-temperature crossing point O(␤ 80 ) is typically sufficient to obtain T ϩ and C ϩ to an accuracy of 10 Ϫ8 .
